Abstract. We develop the theory of semisimple weak Hopf algebras and obtain analogues of a number of classical results for ordinary semisimple Hopf algebras. We prove a criterion for semisimplicity and analyze the square of the antipode S 2 of a semisimple weak Hopf algebra A. We explain how the Frobenius-Perron dimensions of irreducible A-modules and eigenvalues of S 2 can be computed using the inclusion matrix associated to A. A trace formula of Larson and Radford is extended to a relation between the categorical and Frobenius-Perron dimensions of A. Finally, an analogue of the Class Equation of Kac and Zhu is established and properties of A-module algebras and their dimensions are studied.
Introduction
In [BSz1] G. Böhm and K. Szlachányi introduced weak Hopf algebras as a generalization of ordinary Hopf algebras. It was observed in [NV2] that these objects also extend the theory of groupoid algebras. A general theory of weak Hopf algebras was subsequently developed in [BNSz] . Briefly, a weak Hopf algebra is a vector space with structures of an algebra and coalgebra related to each other in a certain self-dual way. Weak Hopf algebras naturally appear in different areas of mathematics, including algebra, functional analysis, and representation theory [KN, NV1, EN, NTV] ; we refer the reader to [NV2] for a survey of the subject.
In this paper we begin the study of semisimple weak Hopf algebras over an algebraically closed field of characteristic 0. These are the most accessible weak Hopf algebras that frequently appear in applications. In particular, the representationtheoretic importance of semisimple weak Hopf algebras can be seen from the result of V. Ostrik [O] , who proved that every semisimple rigid monoidal category with finitely many classes of simple objects (such categories are called fusion categories) is equivalent to the representation category of a semisimple weak Hopf algebra. Weak Hopf algebra techniques were used to prove results about fusion categories in [N2, ENO] . In [ENO] it was shown that regular semisimple weak Hopf algebras and fusion categories do not admit continuous deformations (this extends the result of D. Stefan for semisimple Hopf algebras [S] ). Here the regularity condition ensures the absence of "trivial" deformations [N2, Remark 3.7] . In particular, this implies that a classification of semisimple weak Hopf algebras is possible. Such a classification will include the classification of fusion categories and module categories over them and will be useful in operator algebras, quantum field theory, and representation theory of quantum groups. In order to proceed with this classification project it is first necessary to bring the theory of semisimple weak Hopf algebras and fusion categories to roughly the same level as that of semisimple Hopf algebras. The present paper is a step in this direction.
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Semisimple Hopf algebras is one of the most established subjects of Hopf algebra theory. A number of structural and classification theorems is known, see surveys [Mo1, Mo2, A] . In this paper we extend several classical results from ordinary to weak Hopf algebras. Below we describe these results and organization of the paper.
In Section 2 we recall the definition and basic properties of weak Hopf algebras and their representation categories.
In Section 3 we first define a canonical integral of a weak Hopf algebra A and give a list of conditions equivalent to the semisimplicity of A in Proposition 3.1.5. Next, for a semisimple A we study two notions of dimensions of irreducible A-modules : the quantum and Frobenius-Perron dimensions introduced in [ENO] . We show that the vector of Frobenius-Perron dimensions of irreducible A-modules is a FrobeniusPerron eigenvector (i.e., an eigenvector with strictly positive entries) of the integer matrix Λ t Λ, where Λ is the matrix describing the inclusion of the base algebra A s in A (Proposition 3.3.10). This extends a result of [BSz2] for weak Hopf C * -algebras. In Proposition 3.4.2 we give a criterion in terms of Λ of the triviality of a group-like element G implementing the square of the antipode of A (a pivotal element of A). In the case when A is pseudo-unitary we show in Corollary 3.4.5 that G = wS(w)
where w is a Frobenius-Perron element of the base A s . In particular, in this case the eigenvalues of S 2 are all positive and can easily be found. In Section 4 we study the Grothendieck ring of a semisimple weak Hopf algebra and extend in Theorem 4.2.4 the Class Equation of G. Kac and Y. Zhu [K, Z1] (a version of this equation for pivotal fusion categories was proved in [ENO] ).
In Section 5 we establish analogues of the trace formulas of Larson and Radford [LR1, LR2] . The first formula (Corollary 5.1.1) expresses Tr(S 2 | A ) in terms of dual integrals in A and A * . The second formula shows that the categorical dimension dim(A) of A divides its Frobenius-Perron dimension FPdim (A) in the ring of algebraic integers (Theorem 5.2.2). As a consequence we obtain that a weak Hopf algebra is pseudo-unitary if and only if all the eigenvalues of S 2 are positive. Section 6 deals with properties of module algebras and coalgebras over a semisimple weak Hopf algebra A. In Theorem 6.1.3 we extend the result of [Li] to prove that if A is a pseudo-unitary weak Hopf algebra then the Jacobson radical of any finite-dimensional A-module algebra is A-stable. In Theorem 6.2.2 we extend the result of [Z2] to Frobenius-Perron dimensions of comodule algebras over a semisimple weak Hopf algebra A : we show that if M is an indecomposable finite-dimensional semisimple A-comodule algebra, then for all irreducible M -modules M 1 and M 2 the number FPdim(A)FPdim(M 1 )FPdim(M 2 )/FPdim(M ), where FPdim denotes the Frobenius-Perron dimension, is an algebraic integer. This generalizes the wellknown fact that for a finite group G the cardinality of a transitive G-set divides the order of G.
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Preliminaries
2.1. Definition and basic properties of weak Hopf algebras. Let k be an algebraically closed field of characteristic 0. All vector spaces and tensor products in this paper are over k.
One obtains a weak Hopf algebra by relaxing the axioms related to the unit and counit in the definition of an ordinary Hopf algebra.
Definition 2.1.1 ( [BSz1, BNSz] ). A weak Hopf algebra is a vector space A with the structures of an associative algebra (A, m, 1) with a multiplication m : A ⊗ A → A and unit 1 ∈ A and a coassociative coalgebra (A, ∆, ǫ) with a comultiplication ∆ : A → A ⊗ A and counit ǫ : A → k such that:
(i) The comultiplication ∆ is a (not necessarily unit-preserving) homomorphism of algebras:
(ii) The unit and counit satisfy the following identities:
(iii) There is a linear map S :
for all f, g, h ∈ A.
Remark 2.1.2. We use Sweedler's notation for a comultiplication in a coalgebra C, writing ∆(c) = c (1) ⊗ c (2) for all c ∈ C.
Axioms (2) and (3) above weaken the usual bialgebra axioms requiring ∆ to preserve the unit and ǫ to be an algebra homomorphism. Axioms (4) and (5) generalize the properties of the antipode in a Hopf algebra. The antipode S of a weak Hopf algebra is an algebra and coalgebra antihomomorphism. If A is finitedimensional then S is bijective [BNSz, 2.10 ].
Remark 2.1.3. A weak Hopf algebra is a Hopf algebra if and only if ∆(1) = 1 ⊗ 1 and if and only if ǫ is a homomorphism of algebras.
A morphism between weak Hopf algebras A 1 and A 2 is a map φ : A 1 → A 2 which is both algebra and coalgebra homomorphism preserving 1 and ǫ and which intertwines the antipodes of A 1 and A 2 , i.e., φ • S 1 = S 2 • φ. The image of a morphism is clearly a weak Hopf algebra.
For a finite-dimensional A there is a natural weak Hopf algebra structure on the dual vector space
for all φ, ψ ∈ A * , g, h ∈ A. The unit of A * is ǫ and the counit is φ → φ, 1 . The linear maps defined by (4) and (5) are called target and source counital maps and denoted ε t and ε s respectively :
for all h ∈ A and m, n ∈ M . The definitions of right module and comodule algebras are similar.
Remark 2.1.4. If A is finite-dimensional then a left A-comodule algebra M is a right A * -module algebra via
2.2. Basic properties of weak Hopf algebras. The images of the counital maps defined in (10),
are semisimple subalgebras of A, called target and source bases or counital subalgebras of A. These subalgebras commute with each other; moreover
For any algebra B we denote by Z(B) the center of B.
, then A is the direct sum of weak Hopf algebras pA and (1 − p)A. Consequently, we say that A is indecomposable if
Every weak Hopf algebra A contains a canonical minimal weak Hopf subalgebra A min generated, as an algebra, by A s and A t [N2, Section 3]. Obviously, A is an ordinary Hopf algebra if and only if A min = k1. Minimal weak Hopf algebras over k, i.e., those for which A = A min , were completely classified in [N2, Proposition 3.4] .
The restriction of S 2 to A min is always an inner automorphism of A min , see [N2] .
Note 2.2.1. In what follows we will consider only weak Hopf algebras satisfying the following natural property :
Definition 2.2.2. We will call a weak Hopf algebra satisfying (15) regular.
Remark 2.2.3. It was shown in [NV2, 6 .1] that every weak Hopf algebra can be obtained by twisting a regular weak Hopf algebra with the same algebra structure.
2.3. Rigid monoidal categories and fusion categories. Recall that a monoidal category consists of a category C, a tensor product bifunctor ⊠ : C × C → C, a unit object E, and natural equivalences
satisfying the pentagon and triangle diagrams [Ma, BK] .
If V is an object in C then a right dual of V is an object V * together with two morphisms,
The definition of a left dual object is similar, see [BK] . A monoidal category C is called rigid if every object in C has right and left dual objects.
Definition 2.3.1. A fusion category is an Abelian semisimple rigid monoidal category C that has finitely many simple objects and is such that the unit object E is simple and all Hom-spaces of C are finite-dimensional.
A left module category over a monoidal category C is an Abelian category M together with a bifunctor ⊗ : C × M → M and natural equivalences
satisfying pentagon and triangle axioms; see [O] for details.
2.4. Representation category of a weak Hopf algebra and reconstruction of fusion categories. The category Rep(A) of finite-dimensional left A-modules has a natural structure of a rigid tensor category that we describe next, following [NTV] . The tensor product of two A-modules V and W is given by
where the right action of A t on V is by vz := S(z)v, z ∈ A t , v ∈ V and the Amodule structure defined via ∆. The tensor product of morphisms is defined in an obvious way. The unit object E of Rep(A) is the target counital subalgebra A t with the action h · z = ε t (hz) for all h ∈ A, z ∈ A t . The unit object of Rep(A) is irreducible if and only if bases of A intersect trivially with the center of A, i.e., Z(A) ∩ A t = k.
Definition 2.4.1. If Z(A) ∩ A t = k we will say that A is connected. We will say that that A is coconnected if A * is connected and that A is biconnected if it is both connected and coconnected.
Remark 2.4.2. A is coconnected if and only if
, we define evaluation and coevaluation morphisms
Let {f i } and {ξ i } be bases of V and V * dual to each other, then i f i ⊗ ξ i does not depend on choice of these bases. Set
It was checked in [NTV] 
Grothendieck rings and modules and Frobenius-Perron dimensions.
Let A be a semisimple weak Hopf algebra. The Grothendieck ring K 0 (A) is defined as follows. As an Abelian group it is generated by characters χ V of finitedimensional A-modules V with the addition χ U + χ V = χ U⊕V and multiplication χ U χ V = χ U⊠V for all A-modules U and V . The unit is the character of the trivial
Note that our definition does not differ from the usual one (see, e.g., [Lo] ) since in the semisimple case we can identify finite-dimensional A-modules with their characters.
The ring K 0 (A) has a Z + -basis consisting of characters {χ 1 , . . . , χ n } of irreducible A-modules {V 1 , . . . , V n }. For every A-module V with the character χ V the matrix [χ V ] of the left multiplication by χ V in the basis {χ 1 , . . . , χ n } has nonnegative entries and is not nilpotent. By the Frobenius-Perron theorem [Ga] the matrix [χ V ] has a real non-negative eigenvalue. The largest among such eigenvalues we will call the Frobenius-Perron dimension of V and denote FPdim (V ) . It was shown in [ENO] that the map φ : V → FPdim(V ) defines a ring homomorphism
Definition 2.5.1. Define the character algebra of A to be
Definition 2.5.2. We will say that M is indecomposable if it is not a direct sum of two non-trivial A-comodule algebras.
Let M be an indecomposable finite-dimensional semisimple A-comodule algebra. Let M 1 , . . . , M t be irreducible M -modules and let ξ 1 , . . . , ξ t be their characters. It was shown in [ENO] that there exist positive numbers FPdim(M 1 ), . . . , FPdim(M t ), defined up to a common positive scalar multiple, and called Frobenius-Perron di-
is an eigenvector for every A-character χ V with the eigenvalue FPdim(V ):
The following statement will be used in the sequel.
Lemma 2.5.3. The above map ψ is a unique, up to a positive scalar multiple,
Proof. Let [χ V ] be the matrix of multiplication by χ V in the basis {ξ 1 , . . . , ξ t } and let m be the column vector with entries ψ( 3. Integrals, semisimplicity, and dimension theory 3.1. Integrals in weak Hopf algebras. The following notion of an integral in a weak Hopf algebra is a generalization of that of an integral in a usual Hopf algebra.
Definition 3.1.1 ( [BNSz] ). A left (respectively, right) integral in a weak Hopf algebra A is an element ℓ ∈ A (respectively, r ∈ A) such that
The space of left (respectively, right) integrals in A is a right (respectively, left) ideal of A of dimension dim k (A t ). We will denote the spaces of left and right integrals of A by 
In what follows we use the Sweedler arrows ⇀ and ↼ for the dual actions :
* is non-degenerate if its composition with the multiplication defines a non-degenerate bilinear form on A. Equivalently, φ is nondegenerate if the linear map h → (h ⇀ φ) is injective. An integral (left or right) in a weak Hopf algebra A is called non-degenerate if it defines a non-degenerate functional on A * . A left integral ℓ is called normalized if ε t (ℓ) = 1. It was shown by P. Vecsernyes [V] that a finite-dimensional weak Hopf algebra always possesses a non-degenerate left integral. In particular, a finite-dimensional weak Hopf algebra is a Frobenius algebra (this extends the well-known result of Larson and Sweedler for usual Hopf algebras). It also follows that l A is a free right A t -module of rank 1 and a free right A s -module of rank 1 for which any non-degenerate left integral can be taken as a basis.
Maschke's theorem for weak Hopf algebras [BNSz, 3.13] states that a weak Hopf algebra A is semisimple if and only if A is separable, and if and only if there exists a normalized left integral in A. In particular, every semisimple weak Hopf algebra is finite-dimensional.
For a finite-dimensional A there is a useful notion of duality between nondegenerate left integrals in A and A * [BNSz, 3.18] . If ℓ is a non-degenerate left integral in A then there exists a unique λ ∈ A * such that λ ⇀ ℓ = 1. This λ is a non-degenerate left integral in A * . Moreover, ℓ ⇀ λ = ǫ. Such a pair of non-degenerate integrals (ℓ, λ) is called a pair of dual integrals.
A weak Hopf algebra A is called unimodular if it has a 2-sided non-degenerate integral. A semisimple weak Hopf algebra is unimodular [BNSz] .
Following Drinfeld, [D] , we define the algebra of generalized characters of A to be
It was shown in [BNSz] that a left integral ℓ ∈ l A is S-invariant if and only if its dual left integral λ ∈ l A * is a generalized character. 
where h → L h is the left regular representation of A.
That the above λ is an integral was shown, e.g., in [BNSz] and [ENO] . It follows that if A is connected semisimple, then λ is a basis of
The following definition was given in [BNSz] .
Definition 3.1.4. A Haar integral in a weak Hopf algebra A is a normalized 2-sided integral ℓ in A. Such an integral is necessarily unique and S-invariant.
Below we give a list of equivalent conditions characterizing the semisimplicity of a biconnected weak Hopf algebra in terms of the canonical and Haar integrals.
Proposition 3.1.5. Let A be a biconnected weak Hopf algebra and let λ ∈ A * be the canonical integral defined by (31). Then the following conditions are equivalent.
(
Proof. (i) ⇒ (ii) was proved in [N2, Corollary 6 .6] and (ii) ⇒ (i) follows from [ENO, Theorem 3.2] . Since Tr(S 2 | A ) = Tr(S 2 | A * ) we also get (i) ⇔ (iii). To prove (iii) ⇔ (iv) observe that by [BNSz, Theorem 3.27 ] the existence of the Haar integral in A is equivalent to A * being semisimple with S 2 (φ) = γφγ −1 for φ ∈ A * and (32)
for every irreducible A * -module V . But this condition is satisfied in every semisimple weak Hopf algebra, since the following sequence of A * -module homomorphisms
is precisely the multiplication by
and is non-zero by semisimplicity of A * .
The equivalence (iv) ⇔ (v) was proved in [BNSz, Proposition 3.26(i) ].
Remark 3.1.6. When A is not biconnected there are refined criteria for semisimplicity, cf. [N2, 6.4] and [ENO, 4.10] .
Let {p α } be the set of primitive idempotents in Z(A s ).
Proposition 3.1.7. For any biconnected weak Hopf algebra we have
Proof. Let λ be the canonical integral defined by (31). The restriction of λ to A min = A s A t is an integral in (A min ) * and hence there exists y ∈ A s such that
In particular, for x ∈ A t we get λ, x = ǫ(x)ǫ(y). On the other hand,
. Let y = α y α p α for some scalars y α . To find these scalars, note that λ, p α = Tr(S 2 | pαA ) and also that
Thus,
which implies (34).
3.2. Group-like and pivotal elements in a weak Hopf algebra. In [N2] a group-like element of A was defined as an invertible element g ∈ A such that ∆(g) = (g ⊗ g)∆(1) = ∆(1)(g ⊗ g). Group-like elements of A form a group G(A) under multiplication. This group has a normal subgroup
It was shown in [N2] that if ℓ ∈ A and λ ∈ A * is a dual pair of left integrals, then there exist group-like elements α ∈ G(A * ) and a ∈ G(A), called distinguished group-like elements, whose classes in G(A * ) and G(A) do not depend on the choice of ℓ and λ, such that (38) S(ℓ) = α ⇀ ℓ and S(λ) = a ⇀ λ.
(Note that α and a themselves depend on the choice of ℓ and λ).
The following result is an analogue of Radford's formula [R] for usual Hopf algebras. 
for all h ∈ A.
Recall that a pivotal structure on a rigid monoidal category C is an isomorphism between monoidal functors i : Id → * * . A weak Hopf algebra A is pivotal if there is a group-like element G ∈ A such that S 2 (h) = GhG −1 for all h ∈ A. In other words, A is pivotal if and only if Rep(A) is a pivotal category. The element G is called a pivotal element of A.
3.3. Dimension theory for weak Hopf algebras. Let A be a semisimple weak Hopf algebra and let V be a finite-dimensional A-module. Below we define quantum and Frobenius-Perron dimensions of A-modules. These dimensions coincide with the k-vector space dimensions if and only if A is a usual Hopf algebra.
Let C be a pivotal fusion category with an isomorphism between monoidal functors i : Id → * * . One can define the quantum dimension of any object V in C by
Here the right hand side belongs to End C (E) = k. Let C = Rep(A) for a pivotal weak Hopf algebra A and let V be a finite-dimensional A-module. If G is a pivotal element of A then (40) becomes
Note that we use dim for the quantum dimension and dim k for k-vector space dimension.
Remark 3.3.1. The squared norm |V | 2 of a simple object V of C can be defined without assuming existence of a pivotal structure [Mu, ENO] . If C = Rep(A) for a semisimple A, then End k (V ) can be identified with a minimal 2-sided ideal of A and
This number is an algebraic integer, which is non-negative if k = C [ENO, Theorem 2.3].
Remark 3.3.2. For a pivotal A one has |V | 2 = dim(V ) dim(V * ) [Mu, ENO] . In general, dim(V ) = dim(V * ), and so |V | 2 = dim (V ) 2 . This is why we use the term "squared norm" rather than "squared dimension." When A is a semisimple weak Hopf algebra and {V j } n j=1 are all the irreducible A-modules, the categorical dimension of C = Rep(A) is defined as
We will call dim(A) = dim(Rep(A)) the categorical dimension of A. It follows from (42) that for k = C one has
It was shown in [ENO] that dim(A) is an algebraic integer ≥ 1.
Note 3.3.3. From now on let A be a semisimple biconnected weak Hopf algebra and let k = C be the field of complex numbers (although some of the results below remain valid over an arbitrary algebraically closed field k of characteristic 0 we restrict our attention to C since it is convenient to regard dimensions of A-modules as elements of the ground field).
Recall from Section 2.5 that the Frobenius-Perron dimension FPdim(V ) of a finite-dimensional A-module V is defined as the largest positive eigenvalue of the matrix of multiplication by χ V in the basis {χ 1 , . . . , χ n } of K 0 (A), where {χ 1 , . . . , χ n } are characters of irreducible A-modules {V 1 , . . . , V n }. Clearly, FPdim(V ) is a positive algebraic integer.
The Frobenius-Perron dimension of A is then defined [ENO] as:
Remark 3.3.4. It follows from [ENO, Section 8.2] that FPdim(A) = FPdim(A * ).
If B ⊂ A is a biconnected semisimple weak Hopf subalgebra of A then
is an algebraic integer. We generalize this result in Section 6.2.
Let us define (46)
This ρ formally replaces the character of the regular representation. We will call ρ the Frobenius-Perron character of A. If V is an A-module with the character χ then χρ = ρχ = FPdim(V )ρ. In particular, FPdim(A) −1 ρ is a minimal idempotent in R(A).
A relation between categorical and Frobenius-Perron dimensions was found in [ENO, Section 8.3] . For any simple module V over a semisimple weak Hopf algebra A one has |V | 2 ≤ FPdim(V ) 2 , and hence, dim(A) ≤ FPdim(A). The ratio dim(A)/FPdim(A) is an algebraic integer ≤ 1. We explore this relation further when we derive the second trace formula in Theorem 5.2.2. Proposition 3.3.5. Let A be a semisimple weak Hopf algebra. There exists a unique, up to a scalar, element w ∈ Z(A s ) that has strictly positive eigenvalues and satisfies
for any z ∈ A t and any A-module V . In particular, w satisfies
Proof. The target counital subalgebra A t is a left A-comodule algebra via the comultiplication. Since A * is connected, A t is indecomposable in the sense of Definition 2.5.2. As in Section 2.5, the Abelian group
for any characters χ of A and ξ of A t . This module structure naturally extends to the algebra R(A t ) = K 0 (A t ) ⊗ Z C. It follows that there exists a unique, up to a scalar, ξ f ∈ R(A t ) with strictly positive coordinates in the basis of characters {ξ 1 , . . . , ξ t } of irreducible A t -modules such that (50)
Thus, w is a Frobenius-Perron eigenvector of the linear transformation Tr V ⇀ of Z(A s ) with the eigenvalue FPdim (V ) . Note that the corresponding eigenspace is 1-dimensional by the Frobenius theorem [Ga] . The last equation, in turn, is equivalent to
which is equivalent to (47) (this can be seen by applying z ⇀ ǫ to both sides). Therefore, w is unique up to a scalar multiple and has positive eigenvalues. Let A be a semisimple weak Hopf algebra. To fix the notation in what follows we let
where M n (C) is the algebra of (m × m)-matrices over C. Let Λ = (Λ αj ) be the (l × n) matrix of the inclusion A s ⊂ A, i.e., Λ αj is the multiplicity of the simple A s -module corresponding to M nα (C) in the restriction of the A-module V j to A s .
Definition 3.3.8. The number
will be called an index of A, cf. [BSz2, 4.5] .
In other words, µ(A) is the Frobenius-Perron dimension of the regular representation of A. The name index comes from the subfactor theory [GHJ] : if a subfactor comes from the crossed product with a weak Hopf C * -algebra A then the Jones index of the subfactor is equal to the index of A.
Define the Frobenius-Perron dimension vector of A as
If A is pivotal with a pivotal element G define the quantum dimension vector of A as
Recall from (46) the canonical character ρ = j FPdim(V j )Tr Vj of A. Let p α , α = 1, . . . , l be primitive central idempotents of A s . Let w α = ρ, pα n 2 α µ(A) and v α = w α n α . It follows from Corollary 3.3.7 that
Note that if S 2 = id then v α = n α , i.e., v is the dimension vector of A s . 
Proof. We have FPdim(V * ) = FPdim(V ) for any simple A-module V . Let f j , j = 1, . . . , n and v α , α = 1, . . . , l be the coordinates of vectors f and v. We compute
whence the statement of the proposition follows.
Remark 3.3.11. A version of Proposition 3.3.10 was proved in [BSz2, Theorem 4.5] for weak Hopf C * -algebras.
Remark 3.3.12. It follows from Proposition 3.3.10 that ρ is a Markov trace [GHJ] for the inclusion A s ⊂ A.
The Frobenius-Perron vectors of A s and A * s turn out to be colinear as we show in the next Proposition. In the language of [ENO] this means that the vectors of Frobenius-Perron dimensions of a finite semisimple module category M viewed as a module category over a fusion category C and over its dual C * M are proportional. Any semisimple Hopf algebra A is pseudo-unitary since in this case dim(A) = FPdim(A) = dim C (A) . Weak Hopf C * -algebras considered in [BNSz, BSz1, BSz2, N1] are also examples of pseudo-unitary weak Hopf algebras. However, there are many semisimple weak Hopf algebras that are not pseudo-unitary [ENO, Section 8] .
For a pseudo-unitary A one has |V | 2 = FPdim(V ) 2 for all irreducible A-modules V . It was shown in [ENO, Section 8.4 ] that a pseudo-unitary A has a unique pivotal element G with respect to which the quantum dimensions of simple objects coincide with their Frobenius-Perron dimensions. We will call this G a canonical pivotal element of A. Below we prove that the canonical pivotal element is a trivial group-like element with positive eigenvalues. The next Proposition establishes a criterion of the triviality of a pivotal element. Proof. The left coregular action
of a group-like element G ∈ A on A * is an algebra automorphism of A * . This automorphism preserves the minimal 2-sided ideal I = End k (A * t ) of A * corresponding to the trivial A * -module if and only if G is trivial [N2] . The canonical integral λ ∈ A * defined by (31) is a rank 1 element of I. Therefore, G is a trivial group-like element if and only if (G −1 ⇀ λ) ∈ I, i.e., if G −1 ⇀ λ acts as non-zero in the trivial representation of A.
dim k (As) we get the result. Corollary 3.4.3. Suppose that A has a pivotal element G with respect to which all quantum dimensions of simple A-modules are non-negative. Then G is a trivial group-like element.
Corollary 3.4.4. Let A be a pseudo-unitary weak Hopf algebra and let G ∈ A be the pivotal element with respect to which the quantum dimensions of all simple objects coincide with their Frobenius-Perron dimensions. Then G is a trivial group-like element.
Corollary 3.4.5. If A is pseudo-unitary, then G = wS(w) −1 , where w ∈ Z(A s ) is a Frobenius-Perron element of A s , is the canonical group-like element of A.
Proof. Up to a scalar multiple we have w = ρ ⇀ 1. Since A is pseudo-unitary, its canonical pivotal element G is trivial by Corollary 3.4.4, i.e., G = gS(g)
Since λ is an integral and A is biconnected, we have λ ⇀ g −1 ∈ A s ∩ A t = k1 is a scalar, hence w and g are proportional and wS(w)
Remark 3.4.6. It follows that if A is pseudo-unitary then the eigenvalues of S 2 belong to the set wαw β wγ w δ | α, β, γ, δ = 1, . . . , l , where w is a Frobenius-Perron element of A s . In particular, the eigenvalues of S 2 of a pseudo-unitary weak Hopf algebra are strictly positive. Below we will see (Corollary 5.2.5) that the converse is also true.
The class equation
4.1. The character algebra and the Grothendieck ring of a weak Hopf algebra. Let A be a semisimple weak Hopf algebra, K 0 (A) be the Grothendieck ring of A defined in Section 2.5, and R(A) ⊂ A * be the character algebra.
Remark 4.1.1. Note that, in general, ǫ ∈ R(A). The identity element of R (A) is the character of the trivial representation of A,
In what follows we will identify K 0 (A) with a subring of R(A). For any finitedimensional A-module V let χ V be its character. The operation of taking the dual module gives rise to an anti-isomorphism of R(A) :
for any character χ V . The map * extends to an involutive anti-linear algebra antihomomorphism. Let V 1 , . . . , V n be a complete set of simple A-modules, with V 1 = A t the trivial A-module. Let χ 1 , . . . , χ n be the corresponding characters and let χ * j = χ j • S be the character of V * j . The following lemma is standard.
is non-degenerate, associative, * -invariant, and symmetric.
Proof. That the given form is non-degenerate follows from the fact that the bases {χ 1 , . . . , χ n } and {χ * 1 , . . . , χ * n } of R(A) are dual to each other with respect to (·, ·), i.e., (χ i , χ * j ) = δ ij for all i and j. The associativity of (·, ·) follows from the isomorphism of vector spaces
for all A-modules V, U, W . Clearly, the form is * -invariant and symmetric.
Lemma 4.1.3. The character algebra R(A) is semisimple.
Proof. We claim that
. Indeed, evaluating both sides of this equality against χ k ⊗ χ l we get (χ, χ l χ k ), whence the claim follows by Lemma 4.1.2.
Next,
where the equality occurs only for χ = 0. This implies that ( i χ i χ * i )χ = 0 for χ = 0, and so i χ i χ * i is an invertible central element in R (A) . This means that R(A) is separable, and therefore, semisimple.
is the character of the adjoint representation of A on the centralizer C A (A t ) of its target base, cf. [NTV] . 4.2. The class equation for weak Hopf algebras. We extend the argument of [Lo] to obtain an analogue of the class equation of Kac [K] and Zhu [Z1] showing that the categorical dimension dim(A) of a semisimple weak Hopf algebra A is equal to a sum of its divisors in the ring of algebraic integers of C.
Let e ∈ R(A) be a primitive idempotent in R(A), andê be its central support in R(A), i.e., the primitive idempotent in Z(R(A)) such that eê = e. Let m be the dimension of the simple R(A)-module R(A)e, then R(A)ê ∼ = (R(A)e) m as R(A)-modules.
Let µ be the character of R(A)ê and let ω = 1 m µ. Lemma 4.2.1. We haveê = mµ(ẽ)
Proof. Thatẽ is central and invertible follows from the proof of Lemma 4.1.3. Clearly,ẽe ′ = 0 for all primitive idempotents e ′ ∈ Z(R(A)) such that e ′ =ê, thereforeẽ is proportional toê andê = mχ(ẽ)
Lemma 4.2.2. In any finite-dimensional weak Hopf algebra A we have
Proof. Let λ ∈ A * be the canonical left integral defined in (31). Let y ∈ Z(A s ) be as in the proof of Proposition 3.1.7, i.e., such that (65) λ, x = Tr(xy| Amin ), ∀x ∈ A min .
Observe that
Taking x = 1 (1) 1 (2) in (65) we get
Proposition 4.2.3. We have Tr(S 2 | eA * ) = 0 and
Proof. Let ℓ be the left canonical integral in A, cf. (31), i.e.,
where φ → L φ is the left regular representation of A * . From Lemma 4.2.1 we get
On the other hand, since χ i , ℓ = 0 if i = 1, we have
Combining two last formulas we get
Next, since S 2 | R(A) = id the value Tr(S 2 | eA * ) is the same for all primitive idempotents e ∈êR(A), hence Tr(S 2 |ê A * ) = mTr(S 2 | eA * ). Using this and Lemma 4.2.2 we obtain the result.
Recall from equation (44) that the categorical dimension of a semisimple weak Hopf algebra A is
Theorem 4.2.4 (The Class Equation) . Let e 1 , . . . e k be primitive idempotents of R (A) such that e i e j = δ i,j e i and i e i = ǫ (1) ǫ (2) . Then
where the numbers
. . , k are such that the ratios dim(A)/n i are algebraic integers in C.
Proof. In view of Proposition 4.2.3 it only remains to show that ω(ẽ) is an algebraic integer. We reproduce here the argument of [Lo] for the sake of completeness. Note first that for any character ψ of R(A) we have ψ(K 0 (A)) ⊂ alg. int. (C). Indeed, the regular representation of K 0 (A) on itself is faithful, and so each χ i ∈ K 0 (A) satisfies a monic polynomial over Z, e.g., the characteristic polynomial of the matrix (N i ) jk = (χ i χ j , χ * k ). Hence, so does the image π(χ i ) under any representation π of R(H). Therefore, all eigenvalues of π(χ i ) and Tr(π(χ i )) belong to alg. int. (C).
This means thatẽ = i µ(χ * i )χ i is a linear combination of elements of K 0 (A) with coefficients from alg. int. (C). Since ω : Z(R(A)) → C is an algebra homomorphism, ω(χ i ) ∈ alg. int. (C), i = 1, . . . , n. Thus, ω(ẽ) ∈ alg. int. (C). 
Trace formulas
Recall that in the case of a usual semisimple Hopf algebra A at least one of the summands in the Class Equation (69) equals 1. Namely, if Tr denotes the trace of the left regular representation of A, then ρ = dim C (A) −1 Tr is a minimal idempotent in R(A) and Tr(S 2 | ρA * ) = 1. Below we extend this observation to weak Hopf algebras and also establish an analogue of the trace formula [LR2, Formula (6) ].
5.1. The first trace formula. A weak Hopf algebra analogue of the LarsonRadford formula for Tr (S 2 ) [LR2] was established in [N2] . As in the case of usual Hopf algebras, this formula is related to the semisimplicity of the corresponding weak Hopf algebra and its dual.
It follows from (28) that for a non-degenerate integral ℓ in A with the dual integral λ, the element (ℓ (2) ⇀ λ) ⊗ S −1 (ℓ (1) ) ∈ A * ⊗ A is the dual bases tensor. This implies that for every T ∈ End C (A) we have (70) Tr(T ) = λ, T (S −1 (ℓ (1) ))ℓ (2) ).
In particular, for T = S 2 , we get the following analogue of [LR2, Theorem 2.5(a)] with counits replaced by counital maps.
Corollary 5.1.1 (The first trace formula [N2] ). Let ℓ ∈ A be a non-degenerate integral in a finite-dimensional weak Hopf algebra A and let λ be the dual integral. Then
5.2. The second trace formula. We will derive a relation between the categorical and Frobenius-Perron dimensions of a semisimple weak Hopf algebra A that extends the result of [LR2] .
Recall that χ 1 = ǫ (1) ǫ (2) is the character of the trivial left A-module A t .
Lemma 5.2.1.
Proof. Follows from Lemma 4.2.2.
Theorem 5.2.2 (The second trace formula). We have
Proof. Note that the canonical left integral ℓ defined by (68) belongs to the matrix block corresponding to the trivial representation of A and
whence the result follows since dim(
Remark 5.2.3. It was shown in [ENO] that the ratio dim(A)/FPdim(A) is an algebraic integer.
Proof. It follows from [ENO] that the categorical dimension of A is not bigger than its Frobenius-Perron dimension, which implies the statement. 6. The structure of module algebras over weak Hopf algebras 6.1. A-module ideals and stability of the Jacobson radical. Let A be a finitedimensional weak Hopf algebra and let M be a finite-dimensional left A-module algebra.
The following Lemma extends [Li, 2.2(a) ].
Lemma 6.1.1. If I ⊂ M is a two-sided ideal then
and hence, A · I is an ideal.
Lemma 6.1.2. Let L, R, and T be linear endomorphisms of M defined by
Then (i) for all y ∈ A s and z ∈ A t we have T (y) = R(y · 1) and
Proof. We compute
and similarly for T (z), which proves (i). Next, for h ∈ A and m, x ∈ M we have we compute
which proves (ii).
In [Li] V. Linchenko proved that the Jacobson radical of a module algebra over a semisimple Hopf algebra A is an A-stable ideal. Below we extend this result to pseudo-unitary weak Hopf algebras, cf. Definition 3.4.1 (note that a semisimple Hopf algebra is pseudo-unitary).
Theorem 6.1.3. Let A be a pseudo-unitary weak Hopf algebra and let M be a finite-dimensional A-module algebra. Then the Jacobson radical
Proof. We will use notation from Lemma 6.1.2. Let G = wS(w −1 ) ∈ A be the element from Corollary 3.4.5 such that S 2 (h) = GhG −1 for all h ∈ A. Here w ∈ Z(A s ) is a Frobenius-Perron element of A s . In particular, all the eigenvalues of A s are positive. Let Tr denote the trace of a linear endomorphism of M . We compute
Consequently,
Tr(L(x) n • R(w −1 )) = 0, for all x ∈ A · J(M ) and n = 1, 2, . . . .
Since R(w −1 )) is a diagonalizable linear operator with positive eigenvalues it follows by a standard linear algebra argument that L(x) is a nilpotent operator for all x ∈ A · J(M ). Hence, any such x is a nilpotent element of M and, therefore, A · J(M ) is a nil ideal of M . It is well known that every nil ideal is contained in the Jacobson radical, whence the result follows.
6.2. Frobenius-Perron dimensions of module algebras. A classical result in group theory states that if G is a finite group then the cardinality of any transitive G-set divides |G|. This was extended to semisimple Hopf algebras by Y. Zhu who showed in [Z2] that if M is an indecomposable semisimple module algebra over a semisimple Hopf algebra A and M 1 , M 2 are irreducible M -modules then dim C (M ) divides dim C (M 1 ) dim C (M 2 ) dim C (H).
In this section we extend Zhu's result to semisimple weak Hopf algebras and their (co)module algebras. In this case the vector space dimensions should be replaced by Frobenius-Perron dimension.
Let A be a semisimple weak Hopf algebra and let M be an indecomposable finitedimensional semisimple left A-comodule algebra. Recall from Remark 2.1.4 that in this case M is a right A * -module algebra via Since Φ(ξ k ) > 0 for all k = 1, . . . , t it follows from Lemma 2.5.3 that k Φ(ξ k )ξ k is a Frobenius-Perron character of M .
It follows that we can choose the Frobenius-Perron dimensions of irreducible M -modules to be (83) FPdim(M k ) = ξ k (1 · w * A ), k = 1, . . . , t.
For any M -module U with the character ξ = t k=1 a k ξ k ∈ K 0 (M ), a k ∈ Z ≥0 its Frobenius-Perron dimension is where N l jk are some non-negative integers. Hence, ρξ k is a linear combination of ξ l , l = 1 . . . , t with algebraic integer coefficients. On the other hand, since both ρξ k and ρξ f are Frobenius-Perron characters of M , we have
Comparing the coefficients of ξ i in the two above formulas for ρξ k we get the result.
